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I. INTRODUCTION 


Command and control is defined for United States military 
personnel as: 


The exercise of authority and direction by a properly 
designated commander over assigned forces in the 
accomplishment of the mission. Command and control 
functions are performed through an arrangement of 
personnel, equipment, communications, facilities, and 
procedures which are employed by a commander in planning, 
directing, coordinating and controlling forces and 
operations in the accomplishment of the mission 
[REF ول‎ ۰۰ 


The Soviet equivalent of command and control is referred to as 
troop control (upravleniye voyskami). Correlation of own and 
enemy forces has long been recognized as an essential part of 
Soviet troop control. 


Effectiveness of Troop/Naval-Force Control is considered 


by the Soviets to be a "Force Multiplier." The 
effectiveness of control is an important index of the 
combat capabilities of troops. Consequently, for 


estimating the combat capabilities and correlation of 
forces of sides it is necessary to make not only a 
qualitative determination of this index but also a 
quantitative one (Ref. 2:p. 3]. 

Operation analysts from the United States and other 
Western countries have attempted to develop quantitative 
methods for the correlation of forces. Various attempts at 
modeling combat have introduced formulae for computing and 
comparing quantitative indices relating own and enemy force 


strength to combat capability, usually called combat power. 


One method is to use an effectiveness index. In calculating 


the indices, all of the formulae isolate the two opposing 
forces, under the assumption that the measure of a force's 
value is independent of the opposing force. The major premise 
of this thesis is that quantitative indices of own and enemy 
forces must be calculated relative to each other, in order to 
estimate accurately the dynamic changes of combat power of two 
forces on a field of battle. 

This thesis is based on the necessity that a correct 
mathematical model of own and enemy force strengths must 
include a dependent relationship between the two forces. A 
troop commander knows that in attacking an enemy from the rear 
his troops will not face as a great an opposing force strength 
as they would face in attacking the enemy's front. The change 
in the strength of the enemy does not result from a change in 
the quantity or quality of the enemy troops but, rather, 
results from the position, disposition and orientation of the 
opposing forces. Similarly, a commander knows that decreasing 
the distance between his own troops and the enemy troops 
causes an increase in the effective firepower which his troops 
can direct towards the enemy and a corresponding increase in 
the firepower which the enemy can direct against his troops. 
One should be able to incorporate these real world phenomena 
into a combat model and, in so doing, incorporate the value of 
maneuver in warfare. As used here, combat power is the 
capacity for combat activity toward the accomplishment of 


desired results. 


It is through maneuverability that one force attempts to 
outflank the other, or an attacking force attempts to close 
quickly and ultimately overrun a defending force. Although it 
is through speed and agility of forces that one attempts to 
out-maneuver the opposition, velocity, itself, does not 
increase the strength of fire which one side can bring to bear 
upon the other, although it does reduce the effective strength 
of the enemy by introducing a moving target. This is not to 
say that the speed and agility of combat forces are not 
valued. Indeed, it is through greater speed and agility, in 
addition to intelligence/reconnaissance information, that one 
can take advantage of the orientation of enemy forces. The 
increase in effective strength, however, results from reducing 
the range to the enemy and from taking advantage of the 
orientation of the enemy forces. Quantifying the concepts of 
orientation-relative and distance-relative strengths are the 
subject of this thesis. While these concepts are not unique 
to ground combat, this thesis will limit its scope by 


attempting to create a ground combat model. 


II. DEVELOPING THE MODEL 


A. WHAT TO INCORPORATE 

Theorists in the area of combat analysis maintain 
different views about what the best ground combat model should 
include. Disagreement even exists as to the dimensions that 
measure the strength of opposing sides. Theorists who 
simplify the outcome of battle as one consisting solely of 
casualties inflicted by both sides explain combat power by 
means of attrition models. In a basic attrition model, the 
index of strength of the opposing forces consists only of the 
number of shooters and the accuracy of their fire. Some of 
the more complex models include the use of equivalent shots, 
incorporating the size of projectiles; human factors, such as 
morale and leadership; environmental factors, such as weather 
and terrain, and still other combat factors. One of the most 
intricate of these models is the Quantified Judgment Model 
developed by Colonel T. N. Dupuy, U. S. Army (retired). Even 
in his complex model, the measure of strength of opposing 
sides is represented by the number of equivalent shots per 
second which can be fired by each side (Ref. 3). The 
greatest objection to the attrition models appears to be their 
failure to include the aspects of position and mobility in the 


models. 


Some analysts maintain that victory in ground combat is 
more frequently achieved by the side which maneuvers the best, 
as opposed to the side which attrits the other the most. 
Robert McQuie lists casualties or equipment loss as only the 
fourth most common reason for a force abandoning an attack or 
a defense, listing before it the reasons of envelopment, 
encirclement and/or penetration by the enemy; the withdrawal 
of an adjacent friendly unit; and having no reserves left 
(Ref. 4]. Captain Wayne P. Hughes, Jr., U. S. Navy 
(retired), has described combat power as the ability to 
maintain momentum while reducing enemy momentum. Momentum 
consists of forces and their rates of both movement and 
firing. Movement is the velocity multiplied by the number of 
movers and, in simple cases, firing activity is the firing 
rate multiplied by the number of shooters, although the 
computation of firing capacity can be as detailed as Dupuy's 
attrition model. 


Consider, as Von Neumann once did, the mongoose and 


the cobra: the mongoose wins by postures and 
movements before it strikes. The maneuvers are the 
battle, the strike behind the cobra's neck merely the 
consummation of what went before 


[kef. 5p: 12). 
A momentum model helps describe, in a broader and more 
inclusive sense, the important components of ground combat, 
but they fail to achieve a dimensional 
unity in measuring a force's combat power, in that each side 


is represented by both 


velocity, in meters per second, and firing rate, in shots per 
second. 

While not solving this problem of dimensionality, another 
model incorporates yet another factor of combat in order to 
achieve a higher degree of descriptive accuracy of actual 
combat. This model incorporates suppression as a factor for 
describing combat. Supporters of this model, also stand 
opposed to attrition models of combat. 

An attrition orientation is a confusion of ends and 

means. Domination is the end, attrition in threat or 


fact is one means. An objective can be obtained after 
a wide variation in casualties and other destruction, 


from total to none. Nevertheless, lethality will 
always be involved, for lethality is the substance of 
combat power. Dominance is the result of superior 


combat power, or the perception in the loser of 
inferior combat power [Ref. 5:p. 35]. 


This model places emphasis on the effects which suppression 
has on the enemy in both reducing the number of shooters and 
in worsening the state of the human factors of the enemy 
forces. 

In summary, combatants seek to achieve their purpose 

by using lethality in united action to bend the will 

of the enemy: to dominate him. A winning force's 

combat power has the obvious effect of attrition, but 

of equal or greater potential importance, it also wins 

by the effects of suppression and demoralization on 

the enemy's state of mind and spirit [Ref. 5:p. 37]. 
The suppression model is similar in form to the momentum 
model, in that it portrays both firing capacity and movement 
capacity of a force. It, then, includes a factor of 


suppression, showing that suppression decreases both the 


firing capacity and movement capacity of a combat force. The 


suppression model falls short of being able to unite these 
concepts into an index or measure of the combat power exerted 
by two forces opposing each other on a battlefield. 

In developing a quantitative model, one should not ignore 
these factors of firing capacity and movement capacity and how 
suppression diminishes this "momentum" of a combat force. 
Rather than attempting to unite these terms through some 
conversion formula, I shall maintain that the sole unit of 
measure must be that of effective shots per second, meaning 
that rate of delivery of well-aimed shots which strike 
targeted objects of nominal dimensions. Under ideal 
conditions, this would be the maximum attainable combat power 
of any shooter or, when multiplied by the number of shooters 
in the force, the maximum attainable combat power for that 
combat force. Combat, however, takes place in the real world, 
and other factors enter in combat to diminish this level of 
combat power--terrain, reduced visibility and enemy 
concealment being the most important. 

Dupuy's QJM model incorporates many of these factors as 
historically based average effects. He reduces ordnance types 
to equivalent shots per second and includes muzzle velocities 
to enable a summation of different weapon types. He includes 
environmental factors, consisting of weather, season and 
terrain, and operational factors including of posture, 
mobility; vulnerability, fatigue, surprise and air 


superiority, and he conjectures human behavioral factors, 


consisting of leadership, training, experience, morale and 
manpower quality. The final result is a model which portrays 
firepower and its diminishment by these environmental and 
human factors, with the final output in units of "equivalent 
shots per second," which is very similar to the units of 
combat power in this thesis: hits per second against a benign 
target. We will define this to be effective shots per second 


and use it as our MOE.  [Ref. 3] 


B. ACCOUNTING FOR MOBILITY 

In his QJM model, Dupuy incorporates "mobility" as an 
operational variable. The force strength is then calculated 
by multiplying an operational lethality index by these 
variables [Ref. 3]. His approach, however, begs the question 
of how mobility affects friendly and enemy shooting power in 
positive and negative ways. Since mobility has the dimensions 
of velocity, e.g. meters/second, one cannot just add the two, 
and to multiply the two is to say that mobility is a force 
multiplier, which leads to the absurd conclusion that a dug- 
in, non-moving force has zero combat power in action. 

In modeling combat power, the value of defilade can be 
taken into account without resorting to a measure of cubic 
meters of earth, by utilizing a factor which diminishes the 
hits per second of the shooters. The degree with which the 
factor diminishes the shooter's hitting rate depends upon the 


depth and composition of the defilade. In this same manner 


the value of mobility can be taken into account, without 
resorting to a measure of meters per second. In order to do 
this, we must be able to derive a relationship between 
mobility and combat power. 

In discussing the Lanchester equations for modeling combat 
attrition, Bruce W. Fowler (among others) lists several 
assumptions as being implicitly contained in these equations. 


Two of the assumptions which apply to both Lanchester 


equations are: "2. All units are within weapon range of each 
other," and "3. Attrition rates are constant and known" 
(Ref. 6:p. 2]. The validity of these concepts must be 


addressed by any model which utilizes a measure of effective 
shots/s. Fowler goes on to state 
In summary, there is a rational basis for conjecture that 
the attrition rates are neither spatially nor temporally 
constant, in direct contradiction of rule 3. Further, if 
the attrition rates are not spatially constant, the 
validity of rule 2 becomes questionable (Ref. 6:p. 3]. 
It is in the knowledge that combat power is neither spatially 
nor temporally constant that we conclude that mobility must be 
incorporated into a ground combat model. In proceeding from 
this conclusion, rule 2 must still be addressed during the 
development of the model. 
The question of how movement changes combat power, as 
measured in effective shots per second, can now be addressed. 
Movement affects targeting in several ways. First, a moving 


target provides more difficulty for a shooter than a 


stationary target. Second, depending upon the type of weapon 


system, movement which decreases the range to a target should 
cause an increase in the targeting effectiveness of the 
shooter. If we limit the discussion to small arms, we can 
definitely state that the targeting effectiveness increases as 
range decreases. Third, if the shooter, however, is moving, 
his own targeting effectiveness will decrease, in addition to 
a decrease in his firing rate. Fourth, movement away from the 
direction from which a defender expects and prepares for an 
attack will cause a decrease in the effectiveness of the 
defender. The attacker will have an initial advantage, but 
the degree of advantage depends upon how quickly the defender 
can re-orient his defensive posture. 

Of these four phenomena, I maintain that the first and the 
third can be easily incorporated into a mathematical model by 
introducing two factors which diminish the effective shots per 
second, one based upon the relative velocity of the target and 
one based upon the shooters' velocity. In an equation, the 
effective firing rate can simply be multiplied by these two 
factors. The second and fourth phenomena will be much more 
difficult to incorporate, and it is with these two phenomena 
that we shall concern ourselves in our model. We shall begin 
with the incorporation of the second phenomenon, that of 
decreasing range causing an increase in targeting 


effectiveness. 
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C. THE RANGE FACTOR 

Two questions arise in dealing with range and combat 
power. The first question is how does range relate to 
effective shots per second, and the second is how we deal with 
the second assumption of the Lanchester equations, namely that 
all units are within weapon range of each other. 

One suggestion for relating range to effective shots per 
second is made by Diane Brown and Alan Washburn in their 
hypothetical examples applied to a suppression model. They 
suggest an exponential increase of "lethality" (effective 
shots) as range decreases. In their examples, only small arms 
were considered. (Ref. 7] 

An analysis of the range related performance of other 
weaponry was done in a range band analysis using STAR, 
performed by Dr. Sam Parry and LTC Edward P. Kelleher 
(Ref. 8]. The analysis involved defenders consisting of 12 
XM1 tanks, eight IFV (TOW/Bushmaster), four ITV (TOV) and six 
DRAGON teams and attackers consisting of 30 T72 tanks and 9 
BMP. Their results display a sharp increase in "kills/shot" 
as range decreases, but not as dramatic an exponential 
increase. In their analysis of kills per shot, they state 

The defender kills/shot tend to increase with decreasing 
range, whereas the attacker values are rather range 
independent. This fact is caused by increased attacker 
overkills at short ranges and the relative availability of 


targets, as well as the inherent defilade advantage [Ref. 
GP. 41. 
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In incorporating the range dependency, overkills will not 
be deleted from the model, since "effective shots" describe 
only shots which strike targeted objects, without addressing 
state of the object being targeted. Since we are restricting 
this model to one of small arms for simplicity in development, 
we can begin by looking at an exponential relationship between 
range and effective firepower. First, we take the maximum 
firing rate, designated by "q," of an M-16A2, which is 11.7 
shots per second, assuming that the effective rate of fire 
will be a linear fraction of that rate. Next, we define that 
rate to be the maximum effective firepower as the range, 
designated by "r," approaches zero meters. Finally, we can 
plot out the exponential decay of the effective firepower as 
the range increases. Figure 1 shows the results. 

Two things are wrong with these results. The first thing 
is that the effective firepower should approach zero near the 
maximum effective range of the weapon, instead of at as short 
a range as displayed in Figure 1. The second problem is one 
of dimensions. When we say that the effective firepower 
decays exponentially as the range increases, we mean that 
P- g+eT. 

The exponential term is raised to a power with the dimensions 
of meters, and this is incorrect. The exponential term must 
be raised to a dimensionless power, in order to preserve the 
dimensions of the equation. At this point, we are developing 


an equation for combat power with the dimensions of effective 
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Figure 1--Plot of Effective Firepower (P(r) 


(effective shots/s) Versus Range (meters) 


shots per second. In order to make the exponential power 
dimensionless, we must divide the range term by another term, 


designated by "k," which has the same dimensions as the range 


term, that is meters. Now, our equation for combat power 
looks like 
ди 
Dee ə 
This solves the problem of dimensions. Ve still have the 


problem of the combat power decaying too quickly. 

We will, now, adjust the decay such that the effective 
shots per second approach zero at the maximum effective range. 
We have simultaneously solved this problem and have answered 
our second question concerning the relationship between combat 
power and range, that of how to account for all units being 
within weapon range of each other. Instead of having to 
concern ourselves with maps displaying units and their 
associated weapon's range arcs, this rule will be incorporated 
in the equation. Finding the value for "k" is done by letting 
the combat power approach zero when the range is equal to the 
maximum effective range. The result is that "k" is 
approximately equal to one-fourth of the maximum effective 
range. For computational simplicity, we will use one-fourth 
of the maximum effective range in all of our quantitative 
examples. 

Applying our equation for combat power, with "k" equal to 


150 meters, one-fourth of the maximum effective range of an M- 
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1622 rifle, and "q" still equal to 11.7 shots per second, the 
maximum firing rate of the M-16A2, we can plot an example of 
our new relationship between combat power and range. Figure 
2 displays this plot. Next, we can incorporate into our 
combat power equation the fourth phenomenon of spatially 
dynamic combat power, that of how movement away from the 
direction from which a defender expects and prepares for an 
attack will cause a decrease in the effectiveness of the 


defender. 


D. THE ORIENTATION FACTOR 

The incorporation of the fourth phenomenon requires a 
relationship between combat power and the direction from which 
a unit is prepared for an attack, hereafter referred to as a 
unit's orientation, such that combat power is a maximum along 
the line of orientation, representing the direction directly 
in front of a unit. The combat power should fall off equally, 
as measured away from the axis, toward either flank, and 
should achieve a minimum along a line 180 degrees from the 
axis of orientation, representing the direction immediately 
behind a unit. 

Such a relationship, as suggested by Sam Parry, can be 
represented by a cardioid, like the one shown in Figure 3 
(Ref. 9]. In incorporating this into our combat power 
equation, the combat power "P" should be a maximum along the 


axis of orientation, where it will be equal to "q," the 


ES 





Figure 2--Plot of Effective Firepower (P(r) 


(effective shots/s) Versus Range (meters) 
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maximum effective firing rate, ignoring for the moment the 
effects of range. Therefore, we may state that 
P~ q*0.5 x (1 Հ ՇՕՏՑ), 
where © is the angle offset from the axis of orientation, over 
angles of from zero to plus or minus pi radians. Using this 
equation, the combat power does achieve a maximum of "q" 
directly in front of the unit and reaches a minimum of zero 
directly behind the unit. Figure 4 shows the plot of combat 
power versus 6, with "q" equal to 11.7 shots per second. 
Having addressed the problem of the spatially dynamic 
nature of combat power, it is necessary to, again, stress that 
combat power is, also, temporally dynamic. The equation 
above, relating combat power to orientation, describes the 
combat power at only one moment in time. Should either the 
firing rate or the orientation change, then the combat power 
will change. Similarly, the movement of the opponent, 
represented by a change in 8, will, also, change the combat 
power. Finally, ve need to combine 1 


relationships into one equation. 


E. THE FINAL MODEL 

Our final equation is simply the product of the combined 
terms from the two previously identified relationships. The 
result is 
P=0.5*q*(1+cos8) re” . 


Given the shooter's maximum firing rate and orientation and 
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Figure 4--Plot of Effective Firepower (P(8) ~ 0.5*q*(1 + cos(@) ) 


(effective shots/s) Versus Range (meters) 
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the opponent's position relative to the shooter, this equation 
can compute the combat power of the shooter. As the firing 
rate, orientation and position of the shooter and/or the 
position of the opponent change, the combat power will also 
change. 

Uses of the model will be detailed in later chapters, but 
one example would be that, given a defender's location, his 
defensive posture (orientation) and an estimate of his firing 
rate, an attacking commander could use the combat power 
equation to compare and evaluate different options for an 
attack. In order to examine the uses of the model, we will 
develop example problems to which the equation can be applied. 
The examples will begin at a very basic level and will 
progressively more complex. The development will parallel the 
development common in physics classes concerning electrical 
charges and fields and the forces resulting from their 


interaction. 
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III. EXAMINING THE MODEL 


A. A POINT FIREPOWER AGAINST A STATIONARY POINT TARGET 
1. Formulation 

Let the maximum firepower of a single rifleman be 
represented by "q" in terms of shots per second. In spatial 
dimensions, let each rifleman be represented as a single 
point. At an instant in time, each of these points of 
firepower has a direction of orientation associated with it. 
Over a length of time, the direction of orientation represents 
the direction in which the rifleman expects to apply his 
firepower. Each point firepower has a field of potential 
firepower associated with it, which can be described at any 
given point by 
P = 0.5 + (ووهع + 1) + و‎ «et, (3-1) 
vhere Ə is the offset angle, vith a range of values of zero to 
tvo-pi radians, representing the offset relative to the point 
firepower's direction of orientation, along which axis 6 Հ 0, 
"r" is the radial distance from the point firepower and "k" is 
a constant proportional to the maximum effective range of a 
rifleman, k = 1/4 maximum effective range. The dimensions of 
"k" are the same as those of "r" (Meters will be used in all 
examples.), and those of "P" are effective shots per second, 


as explained in Chapter II. 
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To find "P" for a group of point firepowers, calculate 
P(n) due to each firepower at the given point as if it were 
the only firepower present and add these separately calculated 
fields to find the resultant field "P" at this point. In 
equation form, 


P = P + P + P; + < ۰ (352) 
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2. Example 1 
Figure 5 shows two point firepowers, of equal magnitude 
and oriented in the same direction, placed a distance "d" apart. 
What is the magnitude of field "P" due to these firepowers at 
point "S," a distance "x" along the perpendicular bisector of 
the line joining the firepowers in the direction of orientation 
of the two firepowers? 
Equation 3-2 gives 


P:=P +P | 
1 2 


where from equation 3-1 

r 
k 

P >= 0.5:զ: (1 + coso):e ձոն 


r 
k 


P 0.00 1) cos(2m 2 0))'6 


2 


Substituting these values into the equation for "P" yields 


È E 
k k 
P := 0.5:q: (1 + cos0)-e + 0.5-q: (1 coS(2 T1 9)) e 


Simplifying gives us 
r 

k 
P := q:(1 + Շօտտ):6 
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3. Example 2 


Figure 6 shows a point firepower T := 11.70 
shots/s placed 40 meters from a point firepower d := 9.17 
shots/s. Both firepovers are oriented in the same direction. 
The constants have the values a := 150 m and 
E :2 450 m. What is the field "P" due to these firepowers at 
point "S," a distance of 200 meters forward of the firepowers, 


along their axis of orientation, and offset 60 meters to the 


left" öf oO? 


ի 
Looking at Figure 6, we see that r and r are the 
1 2 
respective distances and 8 and 8 are the respective offset 
1 2 
angles from q and q and that y := 60 m, d := 40 m 
1 2 1 
and x :- 200 m. We can now calculate the missing variables. 
y = y tda; y = 100 m. 
2 1 2 
y 
1 
9 dea SÓ ; e = 0.29146 rad. 
1 x 1 
y 
2 
9 := atan — ; e — 0.46365 rad. 
2 x 2 
x 
r «lia ; r = 208.80613 m. 
1 0605 | 9 1 
1 
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Է = ||—=—ҹ—-һсһ- ; r = 223.6068 m. 


From equation 3-1, 


ՒՍ 
Il 


0.5-q “31:57:66 6 ‘e and 
1 1 


P = Ü.5 G, “ll + cos|e Le 
2 2 2 


Substituting the previously computed 


equations for P and P gives us 
1 2 


2.84691 effective shots/s and 


E 
1 


ք 5.28463 effective shots/s. 


2 
Equation 3-2 gives 


P := P + P 
1 2 


Substituting the values for P and P yields 
1 2 


P = 8.13154 effective shots/s. 


The result displays the advantage, when there is a clear 


field of fire, of weapons with a longer maximum effective range, 


such as the advantage of an M-60 machine gun over an M-16A2 


rifle in automatic, and this incorporates neither the difference 
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in size and weight of the respective projectiles nor the 


difference in frequency of reloading. The values of q and k 
1 1 


are the maximum firing rate and 1/4 the maximum effective range 


of an M-16A2. The values of q and k are the maximum firing 
2 2 


rate and 1/4 the maximum effective range of an M-60. Despite 
having a smaller firing rate, a larger offset angle and a longer 
distance, the potential field at point "S" resulting from 


firepower q is 1.86 times greater than that resulting fro 4 . 
2 1 


This is significant to note, since most models take into account 
only the size and weight of projectiles in distinguishing 
between an automatic rifle and a machine gun. A few models 
have incorporated muzzle velocity, but, again, the muzzle 


velocity of the M-16A2 is greater than that of the M-60. 
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B. AN INFINITE LINE OF FIREPOWER AGAINST A STATIONARY 
POINT TARGET 


1. Formulation 
If the firepower distribution is a continuous one, the 
field which it sets up at any point "S" can be computed by 
dividing the charge into infinitesimal elements "dq." The field 
"aP" due to each element at the point in question is then 
calculated, treating the elements as point firepovers. The 
magnitude of "ap" is given by 

F 

$ 
dP := 0.5۰ 01 + cos@):e - AQ (9m) 
where "r" is the distance from the firepower element "dq" to the 
Dont "S." The resultant field at "S" is then found by 
integrating the field contributions due to all the firepower 


elements, that is, 
00 

P := İ dP )3-4( 
««ՕՕ 


2. Example 3 

Figure 7 shows a section of an infinite line of 
firepower with an orientation parallel to the x-axis and on the 
positive direction and whose linear charge density (that is, the 
firepower per unit length, measured in shots/s*m) has the 
constant value A. Calculate the magnitude of the field "P" at 
point "S" a distance "x" from the line. 

The magnitude of the field contribution "dP" due to 


firepower element dq (= i*dy) is, using equation 3-3, given by 
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r 
İk 

dP := 0.5: (1 + cose) ‘e .( ۰ ۷ 

Figure 7 shows that the quantities "y" and Ə are completely 

correlated as are the quantities "r" and 8. Therefore, in order 

to simplify the equation, one of the variables can be 

eliminated. We will choose 8. From Figure 3, we see that 

x := r-cos8 and y := r-siné@ 


Solving for cos® gives 


ՇՕՏԾ :Հ 


t | X 


Substituting the trigonometric relationship 


2 

ի - (COSO) into the equation for "y" yields 
2 

y := r | = (coso) : 


Substituting for the cos@ term results in 


sino := 





yea NID, =x 


il 


«J —— "ՂԷ 


i 


From equation 3-4, the contribution from the upper part of the 


of the graph, from y = O to y = 0%, is 
dr 


The contribution form the lower part of the graph, from y = 0 to 


y = to, is 
Р := ۰ 


dr 


The total "P" is then given by the equation 


32 


0.5.8 —e dr 


+ 0.5:A- — e dr 





| af 
Because the contributions to "P" from the upper and lower halves 


of the line are equal, we can write 


To solve, we let r = x*p and differentiate to obtain dr = x*dp. 
Substituting these equations results in 


00 
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The integral on the right is the product of the Bessel function 
x 

of the first kind of order zero, that is K |- and the 
0 İk 

and the constants A and "x." Differentiating the Bessel 


function shows 


3 = ei ON NN and 
x) x 
dl— dl— 
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Substituting this in the integral on the left gives 
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The derivative of the Bessel function of the first kind of 
order 0 is simply the Bessel function of the second kind of 


order 1, that is 


| 
ուի քայի, ^ 


This makes our final result 


ev | 6 
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C. FINITE LINE OF FIREPOWER AGAINST A STATIONARY POINT 
TARGET 


l. Example 4 
Figure 8 shows a finite line of firepower with an 
orientation parallel to the x-axis and in the positive direction 
and whose linear charge density has a constant value "A." 
We will calculate the magnitude of the field "P" at a point "s" 
a distance "x" from the line. 
Following the calculations for dP as performed in 


Example 3, we get 


2 2 
L ro -x] 


From equation 3-4 and the fact that the point "S" is not 
directly across from the line of firepower, that is that there 
is no perpendicular intersecting line from the point to the 


firepower line, we get 


P := 0.5-1- 
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ps OS 2——— € dr and 
2 2 
r -x 
15 ar 
1 
r 
2 E 
Է Վ x k 
0.5-1- ‘e dr 
| 2 2 
| r -x 
P := J x 
r 
1 r 
r + Հ k 
* (-0.5):X- | e dr 
2 2 
| r -x 
| U x 


= 


Had the target point been directly across from the line of 
firepower, the equation above would be the same except that 
instead of the difference of the two integrals in the equation 
we would have the sum of the two integrals in the equation, 
resulting from the change in the limits of integration of the 
overall problem due to the change in geometry of the targeting 
Situation. 

To solve the above equation, we let r = x*p and 
differentiate to obtain dr = x*dp. Substituting these equations 


results in 
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Pia | 1 


‘e 
2 
dı 
e 
1 
P + 1 
+" (=0.5)-A-X: mən nə? 
2 
Qu 
Me 1 
where û =r /x and Mpu = T X: Further amplifying the 
1 1 2 2 


equation for "P" gives 
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148, 
* DM, 


. ար 


Ե = 
X 
"թ 
k 
* (-0.5)-X:x- 
2 
In order to solve with a software program, let o < 1 + and 


differentiate to obtain dp = 2*0*do. Substituting these 


equations results in 


+ 2:h-x-e : — do 





* (-2)-Х-х-е 2806800002 (5-0) 





If the target point vere directly across from the firepower 


line, the final solution would be 
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k e 2 
ee o do 
2 
O + 2 
“ O 
p —o x 2 
x 2 << ۰0 
-|— k 
k e 
+ 2-h-x-e — do 
2 
О + 2 
40 
p ~ 1 X 2 
X 1 ۱ ۱ 0 
-|— k 
k m 2 
+ (۰۰ 6 o do 
2 
| О +2 
P := 0 


+ 2۰.(.۰ 1۰ : —— — — do (3-6b) 


These final two equations are in a format which can be used with 
mathematics software packages to give answers for finite cases, 


as will be shown in Example 5. 


2. Example 5 

Again, using Figure 8, we start with a uniform line of 
of firepower 200m long with an orientation parallel to the 
x-axis and in the positive direction and whose linear charge 
density has the value 1.40 shots/s*m (the uniform equivalence of 
distributing 24 riflemen armed with M-16A2's along a 200 m 
line). Calculate the magnitude of the field of potential 
firepower "P" at a point "S," offset 100 m to the "left" of the 


line (in the - y direction) and 200m forward of the line (in 


the + x direction). As shown in Figure 8, the values for the 

variables are y :- 100mm, y := 300 m and x := 200 m. 
1 2 

The constant "k" has the value k := 150 m, and the linear 

charge density has the value 25—50 shots/s*m. 


From Figure 8, we see that 


meters and E := meters, 





223.607 meters and E = 360.555 meters. 


տ 
Օ 
^ 

| 


From Example 4, we know that 


r r 
1 2 
p = — and p >= — so that 
1 Հ 2 X 
p — 9 and p = 1.803 
1 2 


Following the calculations for "P" as performed in Example 4, we 


get 
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do 


Ը = 1 x 2 
k 
= 2 
о do 
2 
OT TD 
“ 0 ә 
Ը ԱՆ Հ 2 
: 1 –||-|-а 
= k 
k e 
۰ do 
2 
O t 2 


software package the solution can be 


effective shots/s. 
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calculated as Ե Հ 


3. Example 6 

Repeat Example 5, but instead of finding the magnitude 
of the field of potential firepower due to the line of 
firepower, calculate the field of potential from a single point 
firepower q := 11.7 effective shots/s, concentrated at the 
midpoint of the line of firepower. Then, calculate the field of 
potential which results from 24 point firepowers, each of the 
same magnitude, the sum total of which is the same firepower as 
in the uniform line of firepower, located at the midpoint of the 


line of firepower. The values of the variables are 


y := 200 m, x := 200 m and k := 150 m. From Figure 8, 


m 





we know that r = 7 Է = 282.843 meters, 
m m 
x 
coso := — and cos® = 0.707 radians. 
m r m 
m 
From equation 3-1, we get 
r 
m 
k 
P := 0.5۰۰ ۱1 + coso ‘e grand 
m m 
3 < S5 effective shots/s*shooter. 
m 


To calculate the total effective shots/s, if the 24 
shooters in the line had the same effective shooting rate, 
simply multiply the potential from the single point  firepower, 


located at the midpoint, by the 24 shooters to get 
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T := 24۰P effective shots/s and 
m m 


TT 603/68 effective shots/s. 
m 


We note that the solution obtained by concentrating the 
total firepower in the line at the midpoint is very close to the 
answer obtained by integrating over the line of firepover to 


obtain "P," in Example 5. We may state that P ° T and that T 
m m 


can, frequently, be used as a good approximation for "P." Note, 


also, that T is slightly less than "P," as one would expect 
m 


as a result of the exponential relationship of the distance, 
causing a greater contribution to "P" from the half of the 
shooting line closest to the target "S" than from the half of 


the line furthest away from "S." 
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4. Example 7 
Repeat Example 6, but calculate the magnitude of the 
firepower at each of the endpoints. Then, calculate the total 
field of potential, if the 24 shooters in the line had the same 
effective shooting rate. Finally, calculate the average value, 


T , of these two concentrated endpoint rates. The values of 
ave 


variables are x := 200 m and k := 150 m. The distance from 


the nearest endpoint is y :- 100 m, and the distance from 
n 


the furthest endpoint is y :- 400 m. From Figure 8, we know 





that È := ۲ r = ; 
n f 
x 
r — 223.607 m, r = 447.214 m, cose a : 
n f n E 
n 
x 
coso := ——— , cose = 0.894 rad and cose = 0.447 rad. 
f r n f 
f 
The value of the point firepower is q := 11.7 effective 


shots/s*shooter. From equation 3-1, we get 


P := 777 + coso ۳ : 
n 
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P ja — + cose ۳۹ ի Ք = 2.496 effective 
f ifr n 


shots/s*shooter and P = 0.429 effective  shots/s*shooter. 
E 
The totals of effective shots/s, if the 24 shooters had the 


same effective shooting rates are 


T := 24۰P effective shots/s, 
n n 
T := 24۰ effective shots/s, 
f f 
T = 59.901 effective shots/s, 
n 
T = 10.306 effective shots/s, 
f 
Լ dar 
n f 
T := effective shots/s and 
ave 2 
T = 35.104 effective shots/s. 
ave 
Note that the T approximation for "P" is superior 
m 
to this approximation of T , but this example does provide 


ave 
a comparison of the strengths of the two endpoints of the line 
as a measure of their relative contribution to "P," as 


calculated in Example 5. 
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5. Example 8 

As shown in Figure 9, we start with a uniform line 200 m 
long with an orientation parallel to the x-axis and in the 
positive direction and whose linear charge density has the value 
1.40 shots/s*m (the uniform equivalence of distributing 24 
riflemen armed with M-16A2's along a 200 m line). Calculate the 
contribution of 20 meters-long segments of the firepower line 
towards the total field of potential firepower "P" against a 
point "S," offset 100 m to the "left" of the line (in the - y 
direction) and 200 m forward of the line (in the + x direction). 
We will divide the firepower line into ten equal segments of 20 
meters length ( i := 1 ..10 m The coordinates for the 


endpoints designated by "A" and "B," of the segments are 





x :— 200 m, m. 
The constant "k" has the value k := 150 m, and the linear 
charge density has the value of À := 1.40 shots/s*m, as in 


as in Example 5. From Figure 9, we see that 


m and r = 
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Solving these gives us 







r meters and r meters. 
A B 
i i 


312.41 
328.024 344.093 
344.093 360.555 


From Example 4, we know that 





po. 
H 








and 





Following the procedure used in Example 5, we can solve for the 


potential field contribution of each segement, as shown below: 
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тату — el 








+ (-2)-i-x-e . —————- — 40 





Using a mathematics software package, the solution, with the 


segments nearest the target shown at the top, can be 


54 


calculated as effective  shots/s. 
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Figure 10--Plot of Magnitude of Potential Firepower, P, 
i 


(effective shots per second) Versus Range, y , (meters). 
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D. A FINITE LINE OF FIREPOWER AGAINST A STATIONARY 
LINE TARGET 


1. Example 9 

As shown in Figure 11, we start with a uniform line 
200 m long with an orientation parallel to the x-axis and in the 
positive direction and whose linear charge density has the value 
1.40 shots/s*m (the uniform equivalence of distributing 24 
riflemen armed with M-16A2's along a 200 m line). Calculate the 
magnitude of the field of potential firepower "P" against a 
100m enemy front at various points along the front, which is 
centered about a point "M," with endpoints "A" and "B" and 
offset 100 m to the "left" of the line (in the - y direction) 
and 200 m forward of the line (in the + x direction). We will 
calculate the field at ten one-meter-long segments along the 
target line, i := 1 ..10 . The coordinates for the endpoints, 


designated by "A" and "B," of the segments are 





x := 200 m, m and m. 
The constant "k" has the value k := 150 m, and the linear 
charge density has the value of 1.40 shots/s*m. Assuming the 


targets on the enemy line are uniformly distributed, each one 


S7 
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one-hundredth of the total 


linear charge density is 


meter of target segment. 


m, and 





meters. 


meter segment will only receive one 
effect. As a result, the equivalent 


A := 0.014 shots/s*m for each one 


From Figure 10, we see that 


m and r 





Е meters and r 
A B 


i 1 


From Example 4, we know that 
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and 
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Following the procedure used in Example 5, we can solve for 
the potential field of each segment of the enemy line, as 


shown below: 
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software package, the solution, in the 


Using a mathematics 


respective one meter segements, at ten meter intervals, with the 


nearest segments at the top, can be found as 


61 


effective shots/s. 


P 


l 











2. Example 0 

Repeat Example 9, but divide the enemy line into ten 
segments of ten meters length, and calculate the potential 
firepower being directed against each of these segments. We 
will separate the line into ten segments ( i := 1 < TORDE 
The midpoints of the segments will be used in calculating the 
answer. It will be assumed that the line of firepower is firing 
uniformly at the enemy line. If every one meter receives the 
effect of one one-hundredth of the total linear firepower 
density, then each ten meter long segments should receive the 
effect of one-tenth of the total linear firepower density, 
integrated over the line of firepower towards the midpoint of 
the ten meter long segments of the enemy line. The distances 
from the endpoints, designated by "A" and "B," to the midpoints 


of the ten meter long segments are 





x := 200 m, m. 
The constant "k" has the value k := 150 m, and the linear 
charge density has the value of 1.40 shots/s*m. Each ten meter 


segment, however, assuming the line of firepower targets the 


enemy line uniformly, will only receive one one-tenth of the 
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total effect, resulting in an equivalent linear charge density 
Of X := 0.14 shots/s*m for each one meter segment. From 


Figure 11, we see that 





r = m and È m. 
A B 
1 i 
Solving these gives us 
meters and r meters. 
B 
1 
324.076 





From Example 4, we know that 





217.032 


A B 
1 


He 





.. 





and p 
A x B x 
1 1 


թ 


Calculating these results in 


and 
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Following the procedure used in Example 5, we can solve for the 
potential field of each segment of the enemy line, as show 


below: 





+ )-2( ۰۰۰ 6 . — do 
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Using a mathematics software package, the solution, in ten meter 
target segments with the nearest segments at the top, can be 


found as P effective  shots/s. 


1 
3.851 





3.456 
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E. EXAMPLE 11: A FINITE LINE OF FIREPOWER AGAINST A 
MOVING POINT TARGET 


As shown in Figure 12, we start with a uniform line 
200 m long with an orientation parallel to the x-axis and in the 
positive direction and whose linear charge density has the value 
1.40 shots/s*m. We calculate the potential effective shots 
absorbed by a moving point target "T," moving at a constant 
speed over a known path. Then, we calculate the potential shots 
per second at the initial and final positions of the target and 
compare the two. Then, we compute how the answer changes if the 
speed of the target is doubled. 
To solve the problem, we need to integrate over the 
path, in order to find the cumulative potential firepover, "P" 
in effective shots per second, applied to the point while 


moving over the length of the path, and then divide by the 


speed of the point target, S :— 4.00 meters per second. 
The constant "k" has the value  k :- 150 m and X :- 1.40 m. 
The motion of "T" is the quarter-circle, with a radius 
r := 400 meters described by the equations x(t) := r:cos(t) 
and y(t) := r-sin(t) taken over the range of minus one-half 


pi to zero, where the center of the coordinate system is in the 
middle of the shooting line, and L := 100 m, as shown in 
Figure 12. The equations for the distances from the endpoints 


the line to the target are 
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2 2 


r AY SNA 1) m and 
ı 
2 2 
ro (xY) = JX Fy SAL) m. From Example 4, we know that 
2 
r (x,y) Է (x,y) 
1 2 


and P (x,y) := 


6 (X,Y) 
1 x 2 x 


The formula for calculating the potential field at any point 
along the path of target "T," which is directly across from 


the line of firepower, is shown below: 
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+ 20:15:56 . — — — ——— do 


Q(x,y) = 40 
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The formula for calculating. the potential field at any Бәли 
along the path of target "T," which is "not directly հար» 


from the line of firepower, is shown below: 


on 


+ 2.A -x-e — do 





+ (5) Lie . -— do 
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The total shots received by "T" is given by TOL :- 1 


tr 
Il 
| 


l 0 
| Q(x(t),y(t)) dt 
-0.253 ə 


տ 


"01253 


Er P(x(t),y(t)) dt (3-7) 
Տ | -7 


2 
where 8 = -0.253 radians is the point along the path of "T" at 
which "T" goes from being directly in front of the firing line 
to being on a flank, and we get F = 6.401 effective shots. 

The potential rate at the initial point is 
Q(400,0) = 18.839 effective shots/s, and the potential rate 
at the final point is 
P(0.0001,-400) = 10.465 effective shots/s. The advantage in 
maneuvering to the enemy's flank is obvious--a diminishment in 
effective firepower rates equivalent to a 45% reduction. The 
advantage of moving quickly, also, is evident. Moving twice as 
fast means a one-half reduction in effective shots. If moving 
from one covered position to another covered position, this 
shows the advantage in being able to move quickly. 

One must also note the restricion on equation 3-6a: the 
equation will not calculate a value for "P" if x = 0. The 
restriction is easily bypassed by using a value such as the one 
used above, X = 0.0001, and the resulting error in this 


approximation of zero is insignificant. 
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IV. CONCLUSIONS/RECOMMENDATIONS 


A. SUMMARY OF MODEL THEORY 

The model evolved from the premise that an accurate 
estimate of the dynamic changes of combat power of two forces 
on a field of battle necessitates identifying the spatial 
relationship between the two forces. From this dependent 
relationship, force strengths could then be calculated. 
Proceeding from this relativity concept, an identification of 
the change, with time, in the spatial relationship and the 
corresponding change of force strengths would result in a 
measure of the value of maneuver in combat. This caliber of 
mobility would not be based upon the dimensional units of 
mobility, such as meters per second, but rather on the change 
in the relative force strengths resulting from movement of the 
forces over a period of time. In order to embody these 
concepts in a model, the model would have to measure the 
relative combat power of a force and allow an evaluation of 
the dynamic spatial changes of a force. Following this 
approach, the model was developed as an attempt to describe 
the dynamics of fire analytically and incorporate the value of 
movement into a ground combat model, which would describe the 


intensity in a field of fire. 
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B. SUMMARY OF MODEL DEVELOPMENT 

Effective shots per second at the target were chosen as 
the units of measure of the model. The development limited 
the scope of the model to ground combat with small arms. Two 
of four phenomena showing the effect which movement has upon 
targeting were chosen to be described in the model. Modeling 
one of the phenomena involved developing a range function 
which describes how movement which decreases the range to a 
target causes an increase in the targeting effectiveness. 
Modeling the other phenomena involved developing an 
orientation function which describes how movement away from 
the direction from which a defender expects and prepares for 
an attack will cause a decrease in the effectiveness of the 
defender. The range factor incorporated into the model was 
chosen as an exponential decay with range, dampened by a 
parameter equal to one-fourth of the maximum effective range 
of the respective weapon. The orientation factor incorporated 
into the model was chosen to be a cardioid effect, with the 
maximum effectiveness directly in front of a shooter and 
diminishing accordingly as one moves around the flanks. The 
final model was determined to be 
Р = 0.5 * (وومع + 1) + و‎ + 6۲/۴ . 
The variable "q" represents the maximum effective firing rate; 
"E" represents the range; 8 represents the angle offset from 
the shooter's orientation axis, and "k" is a constant equal to 


one-fourth the maximum range. 
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C. CONCLUSIONS 

Our premise that identifying the spatial relationships 
between two forces on a field of battle was required in order 
to accurately estimate the dynamic changes of combat power 
appears to be correct. This can be seen in all of the 
examples, each of which displays that the position of an 
opposing force relative to one's position and orientation 
determines one's combat power. From Example 11, we can 
conclude that the value of mobility can be determined from our 
combat model, which measures combat power in terms of 
effective shots per second. Equation 3-7, allows for a 
dynamic comparison of combat power based upon different speeds 
and paths of movement of the enemy target. 

The model, in the form developed above, can be used as a 
decision aid by a commander to evaluate tactical options in 
approaching an enemy. The commander may evaluate different 
Speeds, different directions and different troop placements 
with the model. Uses of the model can be increased 
significantly when other factors, e.g. suppression of fire, 
suppression of movement, terrain factors, weather factors, 
etc., are included. In expanding the versatility of the model 
with these factors, one must first justify the values of these 
additional variables. In most cases, data must be collected 
and analyzed prior to adding any of these variables to a 


quantitative model. 
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In making use of the model, one must keep in mind the 
difference in computational procedures between the case in 
which the target is directly across from the firing line and 
the case in which the target is to either side of the firing 
line. The midpoint approximation of a line, as shown in 
Example 6, works well except when the target point lies 
directly across from the line, as opposed to being on one side 
or the other of the line. For this exception, one must draw 
a perpendicular line from the target point to the firing line, 
separating the line into two segments; identify the largest of 
the two line segments, and use the midpoint of this segment 
for the midpoint approximation. The result is still a highly 
accurate approximation of the integrals used in the continuous 
case. 

When performing the integrals in the continuous case, 
using equation 3-6a, when the target is on either side of the 
firing line, or equation 3-6b, when the target is directly 
across from the firing line, as developed in Example 4, one 
has to identify when to use each equation. This problem is 
simple for all situations involving stationary targets. In 
cases involving a moving target, one must use the procedures 
performed in Example 11 to ensure that the limits of 
integration in the integrals allow for the correct integration 


across the entire line of firepower, no more and no less. 
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D. FUTURE DEVELOPMENT 

Future development of the model should concentrate on the 
use of points and lines to accurately approximate the 
dispositions and movements of actual combat forces. Future 
evaluation of the model should include developing further 
realistic examples involving moving forces. With the support 
of appropriate data a suppression factor could be included, 
which would, then, allow for an examination of decisions 
between having combat assets move versus having combat assets 
maintain their positions and fire back at the enemy. A model 
displaying the tradeoffs between possible options would be of 
great value. Hopefully, an examination of this model will 
guide data collectors in collecting data to validate, modify 
and expand this model. An important factor which needs to be 
included in an overall model is a factor representing the 
speed with which a firing unit can realign its axis of 
orientation, in order to allow the model to perform time lapse 


comparison of possible strategies. 
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